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Introduction

The hyperbolic region inside a black hole

hyperbolic region

rotation axis

surrounding matter

@ event horizon
inner Cauchy horizon

singularities

@ In the hyperbolic region inside the black hole event horizoh,
any linear combination of the two existing Killing vectarand
7 yields a space-like vector.

@ The axisymmetric and stationary Einstein equations, whreh
elliptic in the black hole’s exterior, become hyperbolierté.
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Introduction

The Kerr solution

@ A boundary of the future domain of dependence of the event
horizon? " can be identified:

theinner Cauchy horizon H~

@ The mathematical form of the field equationstat is
completely equivalent to that & .

@ Physically, the inner Cauchy horizon i$tdure horizon whereas
the event horizon is pastone.

@ The space-time is always regular7at .

o Itis regular at/~ only if the black hole’s angular momentuin
does not vanish.

@ ForJ — Othe horizon#~ becomes singular.

@ Relation between the areas of the two horizons:

A-At = (87J)?



Introduction

Numerical and Analytical studies

@ In this talk we consider general axisymmetric and statipnar
black holes surrounded by matter and

1. study the initial value problem of the hyperbolic Einstein
equations inside the hyperbolic region.
We utilize a globakingle-domain pseudo-spectral schemnte
find the solution in between and up to the two horizéns.

2. analyze rigorously the relation between event and innecau
horizon by means of methods from soliton theory.

We utilize Backlund transformations in order to express the
metric quantities at the inner Cauchy horizon in terms o$éhat
the event horizon.

@ Result: Proofs of the universal validity of the equality
A-At = (87J)?
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Numerical studies

Hyperbolic Einstein equations

@ Singular Boyer-Lindquist-type line element:

2
o = j <R2dR  + d92> +OSin? O(de?—wdt)2— F (R—r2)a?
~—'h

- Ré& [—rn,rh], 0 € [0, 7]
- HorizonsH* : R= +ry, Rotation axis =0, 0 =
@ Metric coefficientsi, w, 0:  regular at{*
o Hyperbolic Einstein equationsti = 3 In (r,, ?0) |
(2

2
_ _ - _ . “o
(R—r2)0gr+2RUR+ U gy + UgcOt = 1-3 Sl <w?R - rﬁ)

(Rz — rﬁ) (WRR + 4Rw7R) + w9 + w,9(3 cotf + 4079) =0
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Numerical studies

Analysis of the initial value problem

0
-I'h R h

The equations degenerate at the two horizans
Consequences fét = =+ rp,:

1. w = const

2. £2rpUR + gy + Ugcotd = 1 — 302whsin? o
Hence:t (4 rp, 0) is determined byi(+ rp, #) andw r(£=rp, 0).
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Numerical studies

Analysis of the initial value problem

‘Time’ direction

-I'n R I'h

@ Ansatz:
U(R#) = )+ (R—rn)U(R0)
w(R ) = wo+ (R—rhwi(d) + (R—rn)?2(R,0)
@ Initial data set:{Up(#), wo, w1(0)}
o Write field equations in terms of the auxiliary functiodsand (2.
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Numerical studies

The single-domain pseudo-spectral scheme

@ Write functionsU and{? in terms of Chebyshev expansions:

Sen(E)n ()

j=0 k=0

n n ( 2
0~ Zchk T,() <;9—1>

j=0 k=0

@ Consider field equations on a ‘spectral grid’:

‘Time’ direction

&
¢

Iy
R h
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Numerical studies

The single-domain pseudo-spectral scheme

@ Solve the corresponding discrete non-linear system by sefin
a Newton-Raphson scheme

o Initial guess taken from Kerr solution for some specific
parameters (sayl anda = J/M).

@ Depart from Kerr solution and approach gradually some new
solution with non-Kerr initial data s€tio(6), wo, w1(0) }
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Numerical studies

Example: Departure from Kerr withl = 1 anda = 0.8

Initial data:  takeug = wp[Kerr| also for non-Kerr example
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Example: Convergence plot for non-Kerr solution
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Analytical studies

Weyl coordinates

@ Transition to Weyl coordinate, ¢, ¢, t):
p? = 4A(R? —rd)sirfd, ¢ =2Rcosh.
@ Line element:
ds” = eV [eX(dp? + d¢?) + p?dyp?] — e (dt + adyp)?
Metric potentialsJ, k, a are functions of and(.
@ Along the rotation axisp = 0, |¢| > 2ry,

@ H " located app = 0, —2r, < ¢ < 2rp:
The event horizon is degenerate surfage Weyl coordinates.
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Analytical studies

Weyl coordinates
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Figure:Portion of a black hole space-time in Weyl coordingte# panel)
and Boyer-Lindquist type coordinaté#ght panel)
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Analytical studies

The Ernst equation

@ The complex Ernst potentidlcombines metric functions
f =€ +ib.
@ Thetwist potentialb is related to the coefficierat via
a,=pe Vb, a,=-pe?p,

@ The vacuum Einstein equations are equivalent tdairest
equationwhich reads in Weyl coordinates as

1
(%Rf) (fﬂpp +fec+ ;f~p> =12 +1Z
and in Boyer-Lindquist type coordinates:
(rf) [(Rz — r%)f‘RR + 2Rf R+ T g + Cotﬁfﬂ] = (Rz—rﬁ)fffrf%.
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Analytical studies

Regularity of the Ernst potential

@ Because of the degeneracyof in Weyl coordinates, the
potentialf is, for p = 0, only aC°-function in terms of .

@ However,f is analytic with respect to the Boyer-Lindquist type
coordinatesk andcosd.
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Analytical studies

Béacklund transformation

@ The Béacklund transformation is a particular soliton method
which creates a new solution from a previously known one.

@ For the Ernst equation this technique can be applied to arist
a large number of axisymmetric and stationary space-time
metrics.

o We consider the Backlund transformation in order to write an
arbitrary regular axisymmetric, stationary black holeutioh f
in terms of a potential.

@ Herefy describes a space-time without a black hole but with a
completely regular central vacuum region.
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Analytical studies

Béacklund transformation

Theorem:

Consider a regular axisymmetric and stationary black haligien f
describing a sufficiently small exterior vacuum vicinityof the event
horizon?#/*. Then an Ernst potentid — €0 + iby of a space-time
without a black hole can be identified with the following peofes:

1) fp is defined in a vicinity of the axis section= 0, || < 2rp,.

2) In this vicinity, fo is an analytic function op and¢
and anevenfunction of p.

3) The axis values of, in terms of those of for p = 0, || < 2rp,
are given by

¢ [ [Zrh(bﬁ 4F bg) — (b — bg)d f+ 4rhb,‘\ﬁb‘§
O 7 angf —i[2ra(bf + bE) + (b —bE)]
whereby; = b(p = 0,¢ = 2ry) andb = b(p = 0,( = —2rp).
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Analytical studies

Béacklund transformation

From this Ernst potentid} the original potentiaf can be recovered

in all of V by means of an appropriate Backlund transformation of the
following form:

for 1 1
fo a1d1 ao)a
' fo A )2
1 1 1 |
-1 1M1 a2
(D VDY

where

K —iz .
Al =4/ —, =12, Ky = —-2rp, Ko = 2r
i KiJrIZ’ y &y 1 hs 2 h

with the complex coordinates= p +i(,z= p — i and
a1, ap are solutions of specific Riccati-type equations.
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Analytical studies

Deriving fg at the interior boundarig = —ry,

@ A crucial role is played by the fact th&tis evenin p.

@ In terms of the Boyer-Lindquist type coordinatésis an
analytic function of R? — r?) sir’¢ andRcost.

@ The analytic expansion df into the regionR < ry, retains this
property.

@ Hence:fy, taken at the boundaries of the inner hyperbolic region,
can be expressed in termsfptaken atR = ry,.

Specifically:
fo(R= —rp,cos0) = fo(R= +rn,—cosh)

o From the values of; at these boundaries we can constifuoh
7~ via the Backlund transformation.
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Analytical studies

The Ernst potential on the Cauchy horizon (1)

Theorem:

1) Any Ernst potentiaf of a regular axisymmetric and stationary
black hole space-time with angular momentun# O can be
regularly extended into the interior of the black hole upnd a
including an interior Cauchy horizon, described®y= —ry, in
Boyer-Lindquist type coordinate, ¢).
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The Ernst potential on the Cauchy horizon (2)

2) The Ernst potential on the Cauchy horizon is given by
f(R= —rp,cosf) =
i [51 + 0o — ((51 = 52) COS&} fo(R =TIh, — COS@) + 20162
2fo(R = rp, — cosf) — i [01 + 62 + (d1 — d2) cOSH)|

with
5 _ b —bd) + 2B bl
by — b3S +2(bee)y
5, D bE) + 20 (b

by — bg +2(bes)y

The scripts+' and‘N/S’ indicate that the corresponding value of
b or its second-derivative has to be taken at the event horizon’s
north or south pole respectively.
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The Ernst potential on the Cauchy horizon (3)

@ The values of the seed solutignfor R = rj, follow from f on the
event horizon,

¢ i [Zrh(bﬁ -+ bg) — (bﬁ — bg)g“] f+ 4rhb,i,fb§

0= Arpf —i [Zrh(bﬁ 4F bg) 4 (bﬁ — bg)C]

@ ForJ — 0the Cauchy horizon becomes singular.
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A universal equality

Theorem:

Every regular axisymmetric and stationary black hole with
non-vanishing angular momentuivsatisfies the relation

(81d)2 = AtA-

whereA* are the horizon areas of event horizén() and
inner Cauchy horizon#( ™).
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The interior of black holes -28-



Discussion

@ The relation between the two horizons emerges from the liatt t
they are connected by the symmetry axis.

@ Generalization in Einstein-Maxwell theory describing an
axisymmetric and stationary black hole wélectric charge):

(813)% + (47Q?)%2 = AtA~

@ Forsubextremablack holes (which possess trapped surfaces in
every sufficiently small interior vicinity of{ "), the following
inequalities hold:

A < \/(8rd)2 + (4nQ2)2 < AT

The interior of black holes -29-



	Introduction
	Numerical studies
	Analytical studies
	Discussion

