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Introduction

Generalized Kerr-Schild metric
HD Newman-Penrose formalism
HD Algebraic classification

Kerr-Schild metric with (A)dS background

@ Kerr-Schild metric gap = nap — 2HKakp
e analytical tractable
@ KS class contains: Kerr, Myers-Perry, type N pp-waves ...

Generalized Kerr-Schild metric

Gab = Gab — 2HKaKp

@ KS vector k is null with respect to the both metric

@ inverse g = g 4+ 2HkakP

@ canonical form of the background metric
G=Q(—d? +adx2 + ... +dx2 ;)

where Qs = 201 Q5 = —7('7_22,\),(:2_ R
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Introduction Generalized Kerr-Schild metric

HD Newman-Penrose formalism
HD Algebraic classification

Newman-Penrose formalism in higher dimensions

real null frame n= m©®, ¢ = m("), m®)

1Bl = nfng = Pm{) = nPm =0

Pna=1, mhamd) =,

@i /,... rangefrom2ton—1
ab,...fromOton—1

@ metric in the null frame
ab = 2N(aly + 6;my mY)

@ we identify k with £
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Introduction

Generalized Kerr-Schild metric
HD Newman-Penrose formalism
HD Algebraic classification

Newman-Penrose formalism in higher dimensions

Ricci rotation coefficients

; i
/a;b = Lcd m(ac) mf,d) ,  Nap= ch mEaC) mf,d) 9 mg)b = Mcd mgC) .

(
m,

@ if k is geodetic (Ljp = Lip = 0)
e decomposition of L;:

Sj =Ly =05+ 05, Aj= Ly

e 0, oj and A; are the expansion, shear and twist with
corresponding scalars

2 2
o° =ojoj, w=AjAj

Directional derivatives along the frame vectors

D= kaVa7 A = naVa, (5, = m(al)Va

T. Malek HD Kerr-Schild spacetimes with (A)dS background



Introduction Generalized Kerr-Schild metric

HD Newman-Penrose formalism
HD Algebraic classification

Algebraic classification in higher dimensions

@ boost weight w: § = \"q
@ boost of the frame

@ Weyl tensor frame components sorted by boost weight

frame components boost weight
Coioj 2
Cotoi  Cojjk 1
Cotor  Cotj  Coitj  Ci 0
Cioti Crjk —1
Ciinj -2
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Introduction Generalized Kerr-Schild metric

HD Newman-Penrose formalism
HD Algebraic classification

Algebraic classification in higher dimensions

@ boost weight w: § = \"q
@ boost of the frame

@ Weyl tensor frame components sorted by boost weight

frame components boost weight
Coioj 2
Cotoi  Coijk 1
Cotor  Cotj  Coitj  Ci 0
Cioti Crik —1
Ciinj —2
type D
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General KS vector field

KS vector k is geodetic iff Ty vanishes

@ Ricci component Ryg = Rapk@k?

Roo = 2HKe,ak?kC kP — 1(n -2) (

5 Q,ab _ SQ,aQ,b> kakb

Q 2 Q2

Proposition

The vector k in the generalized Kerr-Schild metric is geodetic
iff the component of the energy-momentum tensor
Too = Tapk@kP = 0 vanishes.

k geodetic for
@ Einstein spaces

@ spacetimes with aligned matter fields (Maxwell field
Fapk? x kp, aligned pure radiation Ty, o< Kakp)
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General KS vector field

Geodetic and optical properties in both metrics

@ k is geodetic in the full metric
iff it is geodetic in the background metric

Qbp

Kak® = Kapk® = kapk®,  K3,k® = k2 kP + 9 —2 kKD = k3 kP

null frame in the background

)

Jap = 2k(anb) + 6,,m,(3)mb , Ny = Ny + HKa

@ optical matrices in the full and background metric are equal

Lj = kapm2mb — kppmamb = T
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General properties
Nonexpanding Einstein KS spacetimes

Geodetic KS vector field Expanding Einstein KS spacetimes

Ricci tensor

let's assume geodetic k

Ricci tensor

Rab = (HKakp).oq 9% — (HKSKa).ps — (HKKp). 55 + 7225 Tab
— 2H (D?H + LiDH + 2Hw?) Kakp

@ k is eigenvector of Ricci
Ropkb = — [DZH +(n—2)0DH + 2Hw? — 24 | k,

n—-2
@ frame components
Ry =0
Roi = —D?H — (n — 2)0DH — 2 Hw? + -2
R,'j = 2HL,‘ijk -2 (DH + (n — 2)97’{) Sij + %(50’
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General properties
Nonexpanding Einstein KS spacetimes
Expanding Einstein KS spacetimes

Geodetic KS vector field

KS spacetime with geodetic k is at least of type |l

@ positive boost weight frame components of Weyl vanish
Coioj = 0, Co10i =0, Coijk =0

Proposition

Generalized Kerr-Schild spacetime with geodetic vector k
is algebraically special with k being the multiple WAND.

@ [Pravda Pravdova Ortaggio 2007]: static (or stationary with
“reflection symmetry”) expanding spacetimes are of types G, |;,
DorO

Static (or stationary with “ref. sym.”) generalized Kerr-Schild
spacetimes with geodetic vector k are of type D or O.
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General properties
Nonexpanding Einstein KS spacetimes

Geodstic KS vector field Expanding Einstein KS spacetimes

Vacuum equations

from now on we restrict us to Einstein spaces
@ n-dimensional EFEs:

2
=——A
Rap h_o Gab

® R = -25A\d; component can be written as
(n—2)8(DlogH) = 02 +w? — (n—2)(n — 3)?
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General properties
Nonexpanding Einstein KS spacetimes
Expanding Einstein KS spacetimes

Geodetic KS vector field

Nonexpanding Einstein KS spaces belong to Kundt N

@ vanishing expansion ¢ = 0 implies vanishing shear c =0
and twistw = 0,thus L; =0

@ substituting EFEs to Weyl: boost weight 0 and —1
components vanish

Proposition

Einstein Kerr-Schild spacetimes with non-expanding KS
congruence k are of type N with k being the multiple WAND.
Twist and shear of the KS congruence k necessarily vanish and
these solutions thus belong to the class of Einstein type N
Kundt spacetimes.
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General properties
Nonexpanding Einstein KS spacetimes
Expanding Einstein KS spacetimes

Geodetic KS vector field

Optical constraint

@ equation R = -25A5; now nontrivial

Optical constraint

LixL,;
i = 55

@ L; normal matrix: [L,L"] =0
@ in appropriate frame L; has block-diagonal form

consisting of 2x2 blocks: ( s A

-A S
@ types lll and N not compatible with expanding Einstein KS

Proposition

Einstein Kerr-Schild spacetimes with expanding KS congruence
k are of Weyl types Il or D or conformally flat
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General properties
Nonexpanding Einstein KS spacetimes

Geodetic KS vector field Expanding Einstein KS spacetimes

r-dependece of optical matrix L;

@ block-diagonal form + Sachs equation (DLy = —LjLy):

[}

S A
5(u>=( @ e ) (n="1,.,p),

— Aoy 2041 S(2u)
S, — r A — aE)ZH)
(2u) 2 (a?Z”))Z 5 200,21 2L )2 T (a&#))zy
~ 1 ..
L = —diag(1,...,1,0,...,0)
r e N —

(m—2p) (n—2—m)
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General properties
Nonexpanding Einstein KS spacetimes

Geodetic KS vector field Expanding Einstein KS spacetimes

Singularities

integrating Rj = -25A0;:  H = = e HM 1 m

@ divergencesatr =20
Q 2p#m2p#m—1
@ 2p=m(meven), 2p=m—1 (modd)
if some of a‘(’zﬂ) vanish somewhere in spacetime

Kretschmann scalar

8n
abcd 2 SepS ApA O 2
R.pca R = 40° + 843 (D 24¢ij¢ij aF C,/k/C,/k/ aF (n—1)(n— 2)2/\
@ where b= COI1/ , then ® = Cy191 , ;IS = 7%0,';(/';( s q);? = %Cm,'j
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Example of expanding solution

Kerr-de Sitter

Kerr-(A)dS in KS form [Gibbons et al. (2004)]

_ 2M
gab = Gab + ?kakb

@ in case of 5D

_ 2 2 2
g=— AR e, re dr?
(14 Aa)(1 + Ab?) (1 = Ar2)(r2 + a)(r2 + b?)
2 2 in2 2 2 2
P s (rP+a)sin?e |, (rP+b%)cos?l | o
— do ————d ——d
AT T SV
A r2p?
k= dt ar
A2+ 202 T A a2t 22 1 )
inl 2
_asin“f _ bcos ed’tli
14 Aa? 14+ Ab?

where p2 = r2 + a2cos20 + b2sin® 0, A =1+ Aa?cos? 6+ Ab2sin?6
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Example of expanding solution

Comparison of 5D Kerr-de Sitter with general results

5D Kerr-de Sitter: general KS (n=5 m=3,p=1):
pL2 Vv sz—’ 0 S(2) A2’3 0
L= v p2—r? r 0 L= —A2’3 S(g) 0
p? o2
0 0 1 0 o 1
_ 1 _ 1
H =M oo r?sn?e "= Moz gy
Soy = —n— Sioy = r
() = 12122 cos? 92 sin? 0 (2 = 7 (a2
_ \/@cos? 6+b2sin2 0 oy
A1) = 25 2 oos? 0102 i 6 Aet) = prd

@ Ho=-M, agz) = a2 cos26 + b2sin® g
@ a# 0, b# 0: no singularity
® a#0,b=0:singularity if 6 = T
@ a= b = 0 (de Sitter-Schwarzschild-Tangherlini) p=0: singularity
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Conclusions

@ GKS are of type Il or more special
@ KS vector k is geodetic iff Tog = 0

@ non-expanding Einstein GKS belong to type N Einstein
Kundt class (equivalence at least in Ricci-flat case)
@ expanding Einstein GKS

e are of type ll, D or O

e r-dependence of L; and Weyl bw 0 components explicitly
determined

e condition for presence of a singularity at r =0

T. Malek HD Kerr-Schild spacetimes with (A)dS background



	Introduction
	Generalized Kerr-Schild metric
	HD Newman-Penrose formalism
	HD Algebraic classification

	General KS vector field
	Geodetic KS vector field
	General properties
	Nonexpanding Einstein KS spacetimes
	Expanding Einstein KS spacetimes

	Example of expanding solution
	

