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Relativistic positioning systems

= Let us consider a relativistic positioning system in Minkowski space-time,
i.e. four emitters v4 broadcasting their proper time 74 (A =1,2,3,4).

» Let P be an event of the emission region R, that is, a user at P receives
the four broadcast times {77} (emission coordinates of P).

The vector mpy = — 4 is:

= null: mi:(),

s future-pointing: eu-my < 0.

» my gives the trajectory followed by the electromagnetic signal from the
emitter v4(7%) to the reception event P € R.
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Emission equations

o The transformation 2% = k“(7*) from emission {74} to inertial {z“}
coordinates is the solution of the emission equations:

(x_/yA)°(x_7A):Oa €u°<x_7A)<Oa A:17273747

where x = (%), 74 = ya(74),
2¢ Is the metric signature, and

w is a future-pointing time-like vector.

The emission equations say that the
Vectors may = r — y4 are:

= null: ma:(),

s future-pointing: eu-my < 0.
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The configuration vector

= The emission data {7} received at P are the emission coordinates of the
event P € R and were broadcast at the emission events {4 (74)}:

{7-177-277-377-4} A {/71(7-1)7/72(7-2)773(73)774(7-4)}

The hyperplane generated by the four emission events {v4(7)} is called
the configuration of the emitters for P.

= The configuration vector

X

is orthogonal to this hyperplane.
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Emission region and coordinate region

Emission region, R C M?: space-time region reached by the signals.

Emission function:

@:R—>TE;L<{T}%R4 O:z+— (77) = 0(x)

Emission coordinate region, C C R: where O is invertible:
k=071, z%=x(tH)

Coordinate condition:

dr' NdT? NdTP ANdTP #£0 = je(x) #£0 = x#0

Zero Jacobian hypersurface: 7 = {z|jo(x) =0}, R=CUJ.
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The coordinate transformation

Let us suppose that the world-lines v4(7%) of the emitters in an inertial system
{x>} are known

In all the emission coordinate region C the coordinate
transformation = = x(74) is given by:

° X

Y2
(Y« - X) + 6/ (Y - X)% — ¥2X2

CC:/YZL_'_y*_

M>

y*7 X7

o Covariant solution: |2 = f(v4) = f(ya(m?)) = k(7%)
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The coordinate transformation

= Quantities v, x are both computable from ’}/A(TA).

_
X

¢ being any vector transversal to the configuration, & - y # 0, and

Vs () H, H=x(QreaNeg+QoezNer+Q3e1 Aes)

€Ca = Ya — V4 (a:17273)

(ea)Q

X = *(61 /\62/\63)

Q, =

N|—

X = configuration vector
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The coordinate transformation

= Quantity € is the orientation of the positioning system with respect to the
event that receives the data {7%}.

ézsgn* (m1 /\mg/\mg/\m4),
N, (A=1,..,4),

ma =x —ya(T

= Problem: To obtain z from (1) one needs to determine the orientation ¢,
which involves the unknown z.

s [ herefore, in order to show that the formula:

: v X — 1)
(v - x) + v/ (s - X)? — y2x
does not chase its own tail, one must be able to determine the orientation

€ at x by using a procedure that does not involve the previous knowledge of
x.

T =4+ Yx —
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Problem

m [o determine the orientation

M>

of the relativistic positioning system.

= Next, we study the region where ¢ is computable by the positioning data (the
central region of the positioning system) which does not cover the whole
emission coordinate region C.
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Emission configuration regions

Emission coordinate region: C=C,UC,UC(C;

Space-like configuration region:
Cs={xcClex* <0}

Light-like configuration region:

Co={rcC|x* =0}

Time-like configuration region: Cs
CtE{xEC|eX2>O}
Central region: \

cC =C.ug, 3D static situation
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Non-uniqueness of emission solutions

v time-like

P
(R AR 5
T v, space-like
v

4%

=

From emission to inertial coordinates: an analytical approach. Spanish Relativity Meeting. Granada. September 2010



Emission regions and coordinate domains
Emission coordinate region: C=C,UC,UC, =Cru(CP
Timelike coordinate region:
C:=Cf uc®?, o) =0

Back coordinate domain:

cb=c —-cf

Front coordinate domain: Cs

ct =c,uc,uct

Central region:

cC =C.ug, 3D static situation

From emission to inertial coordinates: an analytical approach. Spanish Relativity Meeting. Granada. September 2010 12



The orientation €

= The orientation € = sgn* (my A mso A msz Amy) is the sign of the Jacobian
determinant jo(z).

m ¢ is constant on each emission coordinate domain C¥ and CP.

= In the central region C¢ = C; UCy, the orientation € is obtainable from the
data {TA,’yA(TA)}:

Ve € CY, é=sgn(u-x).
for any future pointing time-like vector u. Then, the transformation is

Yz X
(ys - x) + 580 (w- )/ (s - X)? — Y2X°

37:74+y*—

s Can the users in the timelike region C; know the orientation?

From emission to inertial coordinates: an analytical approach. Spanish Relativity Meeting. Granada. September 2010 13



The orientation €

= The events where jo(x) = 0 are those for which any user in them can see
the four emitters on a circle in his celestial sphere (Coll and Pozo 2005).

02 . . . o2

3 (
[ ] ° 3.

o1 ° ]

cF J cB

e = sgn( *, (M Ao ATg)|i(my) (L' + L* + L°) — 1])

abc — —
- €777 ko (Mp N\ e
ma = —€e(u-ma)(u+muy), L° G )

B 2*u (ml /\mg /\mg)
{L*} and {m,} are dual each other, L%(m,) = 6.
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The orientation €

2 o 2

s QObservational method to determine €:

e Consider the oriented half cone determined by the lines of sight of
three emitters, and then, to look for the position of the other emitter.

e The orientation is positive (negative) if the line of sight of this fourth
emitter is interior (exterior) to the above half cone.
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Summary and comments

= We have outlined a method to obtain the orientation of a relativistic po-
sitioning system allowing to determine the user's space-time location in
inertial frame.

s To localize the users of a GNSS, several geometric methods and algebraic
algorithms [Bancroft (1985), Kreuse (1987), Chaffee and Abel (1994), ... |
has been developed in the past which are still in use.

= Relativistic positioning concepts has been recently implemented in an algo-
rithm to obtain the Schwarzschild coordinates of a user from his emission
coordinates,

e P. Delva, U. Kosti¢ and A. Cadez Numerical modeling of a Global

Nauvigation satellite System in a general relativistic framework Adv.
Space Research (2010) arXiv:1005.0477[gr-qc]
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Summary and comments

= In solving numerically the GNSS navigation equations, one usually pick out
an approximate zero order solution.

s |n flat space-time, the expression
Ui X
(Y - X) + 6/ (g - X)? — y2X2

33:’)/4+y*_

Is the covariant solution of the location problem. For weak gravitational
fields it provides the exact non-perturbed zero order solution.

= A numerical analysis of this solution has been accomplished by N. Puchades
and D. Saez (see Puchades’s talk that follows).
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