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Background spacetimes
Spacetimes of constant curvature R = 4Λ

According to the signum of Λ we distinguish:

Minkowski spacetime: Λ = 0

de Sitter spacetime: Λ > 0

anti-de Sitter spacetime: Λ < 0

We can write these spacetimes in the conformally flat form, namely

ds2 =
−dt2 + dx2 + dy2 + dz2

[

1 + Λ
12 (−t2 + x2 + y2 + z2)

]2 ,

or equivalently

ds2 =
2dζdζ̄ − 2dUdV

[1 + 1
6Λ(ζζ̄ − UV)]2

.
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Background spacetimes
(anti-)de Sitter universe

(Anti-)de Sitter spacetime is visualized as a 4-dimensional hyperboloid

−Z 2
0 + Z 2

1 + Z 2
2 + Z 2

3 + σZ 2
4 = σa2 ,

in flat 5-dimensional space

ds2 = −dZ0
2 + dZ1

2 + dZ2
2 + dZ3

2 + σdZ4
2 ,

where a =
√

3
|Λ| , and σ = sign Λ.
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Impulsive spherical gravitational waves

Expanding impulsive spherical gravitational waves can be constructed
using the ”cut and paste” method [Penrose (1972)], i. e. ”cutting” a
spacetime along a null cone and ”putting it together” with a suitable warp:

[

Z , Z̄ ,V ,U = 0−
]

M
−

≡

[

h(Z ), h̄(Z̄ ),
(1 + ǫhh̄)V

(1 + ǫZZ̄)|h′|
,U = 0+

]

M+

.

The impulse is located on the hypersurface U = 0, which is a sphere
expanding with the speed of light (x2 + y2 + z2 = t2).

Figure: Geometrical interpretation of the Penrose junction conditions.
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Continuous line element

Continuous metric form which describes such waves is [see Hogan (1992,
1993, 1994), Podolský and Griffiths (1999)]

ds2 =
2
∣

∣

∣

V
p
dZ + UΘ (U)pH̄dZ̄

∣

∣

∣

2
+ 2dUdV − 2ǫdU2

[

1 + 1
6ΛU(V − ǫU)

]2
,

where p = 1 + ǫZZ̄ , ǫ = −1, 0,+1 .

Relation of this line element to the pure background metric is

behind the impulse: U < 0

V− =
V

p
− ǫU , U− =

ZZ̄

p
V − U , ζ− =

Z

p
V ,

in front of the impulse: U > 0

V+ = AV − DU , U+ = BV − EU , ζ+ = CV − FU ,

where the parameters A, B , C , D, E a F are functions of Z resp. Z̄ .
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Refraction formulae in conformally flat coordinates

Suppose C 1 geodesics Z = Z (τ), U = U(τ) and V = V (τ).
Denote the positions and velocities in the interaction time τi as

Zi = Z (τi) , Vi = V (τi) , U̇i = U̇(τi) , V̇i = V̇ (τi ) , Żi = Ż(τi ) .

Apply transformations in front of and behind the impulse and express

x−
i (Zi ,Vi ) , ẋ−

i (Zi ,Vi , U̇i , V̇i , Żi) ,

etc. for y−
i , ẏ−

i , z−i , ż−i , t−i , ṫ−i ,

and Zi(x
+
i , y+

i , z+
i , t+

i ) , U̇i(x
+
i , y+

i , z+
i , t+

i , ẋ+
i , ẏ+

i , ż+
i , ṫ+

i ) ,

Vi(x
+
i , y+

i , z+
i , t+

i ) , V̇i (x
+
i , y+

i , z+
i , t+

i , ẋ+
i , ẏ+

i , ż+
i , ṫ+

i ) ,

Żi(x
+
i , y+

i , z+
i , t+

i , ẋ+
i , ẏ+

i , ż+
i , ṫ+

i ) .
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Write the interaction parameters behind the impulse as functions of the
parameters in front of the impulse. The result is

for positions

x−
i = |h′|

Zi + Z̄i

h + h̄
x+
i , y−

i = |h′|
Zi − Z̄i

h − h̄
y+
i ,

z−i = |h′|
Zi Z̄i − 1

|h|2 − 1
z+
i , t−i = |h′|

Zi Z̄i + 1

|h|2 + 1
t+
i ,

for velocities

ẋ−
i = ax ẋ

+
i + bx ẏ

+
i + cx ż

+
i + dx ṫ

+
i ,

ẏ−
i = ay ẋ+

i + by ẏ
+
i + cy ż+

i + dy ṫ+
i ,

ż−i = az ẋ
+
i + bz ẏ

+
i + cz ż

+
i + dz ṫ

+
i ,

ṫ−i = at ẋ
+
i + bt ẏ

+
i + ct ż

+
i + dt ṫ

+
i ,

where the coefficients a, b, c , d are complicated functions of Zi and h(Zi ).
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Refraction formulae
Using angles characterizing positions and velocity directions

Define angles in (x , z) and (y , z) planes

α± and γ± describe position of the particle

β± and δ± describe inclination of the velocity vector

tanα± =
x±
i

z±i
, tanβ± =

ẋ±
i

ż±i
.

Figure: Geometrical meaning of angles in (x , z) plane. Superscript + denotes
quantities in front of the impulse, and − behind the impulse.
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Then, the formulae for positions and veocities can be rewritten in the form

cot α− =
(|Zi |

2 − 1)Reh

ReZi (|h|2 − 1)
cot α+ ,

cot γ− =
(|Zi |

2 − 1) Imh

ImZi (|h|2 − 1)
cot γ+ ,

and

tanβ− =
v+
z (ax tanβ+ + bx tan δ+ + cx) + dx

v+
z (az tanβ+ + bz tan δ+ + cz) + dz

,

tan δ− =
v+
z (ay tanβ+ + by tan δ+ + cy ) + dy

v+
z (az tanβ+ + bz tan δ+ + cz) + dz

,

where we introduced velocities with respect to the frame

(v±
x , v±

y , v±
z ) =

(

ẋ±
i

ṫ±i
,
ẏ±
i

ṫ±i
,
ż±i
ṫ±i

)

.
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Example
Impulsive spherical wave generated by a snapping cosmic string

The complex mapping is h(Z ) = Z 1−δ where δ characterizes deficit angle

given by the presence of cosmic string outside the impulse

Figure: Mapping Z → h(Z ) = Z 1−δ in the complex plane (on the left) coresponds
to a wedge in the Riemann sphere (on the right). The deficit angle is 2πδ.
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Example
The ring of test particles standing in front of the impulse

wave is generated by the snapping string: h(Z ) = Z 1−δ

particles are standing in (x+, z+) plane

Resulting motion remains only in (x , z) plane with relevant coefficients in
the velocity transformation

dx =
−δ(1−

δ

2 )

2(1−δ)

(

Z 1−δ

i + Z δ−1
i

)

,

dz = 1
2(1−δ)

[

(

1 − δ

2

)2
(

Z δ
i − Z−δ

i

)

+ δ2

4

(

Z 2−δ

i − Z δ−2
i

)]

.

Therefore, the changes of angles are

cot α− = Z−δ

i

Z 2
i − 1

Z 2−2δ

i − 1
cot α+ ,

tanβ− =
−δ(1 − δ

2)
(

Z 1−δ

i + Z δ−1
i

)

(

1 − δ

2

)2
(

Z δ
i − Z−δ

i

)

+ δ2

4

(

Z 2−δ

i − Z δ−2
i

) .
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Figure: Shift of the position of particle induced by the wave: α−(α+) (on the
left). Dependence of velocity vector inclination on particle’s position in front of
impulse: β−(α+) (on the right). The curves corespond to different values of the
deficit angle.
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Figure: The effect of the impulse with δ = 0.2 on a ring of initially static test
particles in the (x , z) plane. The impulse is scaled here in such a way that it is
given by a unit sphere on both sides of the impulse.
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Figure: Time sequence showing the deformation of the ring of test particles
(indicated here by an initial semi-circle of unit radius for α+ ∈ [−π

2 , π

2 ]) caused by
the spherical impulse generated by a snapping cosmic string with δ = 0.005 (left),
δ = 0.2 (middle) and δ = 0.8 (right).
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Alternative form of the refraction formulae for Λ 6= 0

In 5-dimensional representation of (anti-)de Sitter spacetime we obtain

Z−
0i = |h′|

Zi Z̄i + 1

|h|2 + 1
Z+

0i , Z−
1i = |h′|

Zi Z̄i − 1

|h|2 − 1
Z+

1i ,

Z−
2i = |h′|

Zi + Z̄i

h + h̄
Z+

2i , Z−
3i = |h′|

Zi − Z̄i

h − h̄
Z+

3i ,

Z−
4i = a = Z+

4i ,

and















Ż−
2i

Ż−
3i

Ż−
1i

Ż−
0i

Ż−
4i















=













ax bx cx dx ωx

ay by cy dy ωy

az bz cz dz ωz

at bt ct dt ωt

0 0 0 0 1



























Ż+
2i

Ż+
3i

Ż+
1i

Ż+
0i

Ż+
4i















,

where ωj = − 1
2a

(

ajZ
+
2i + bjZ

+
3i + cjZ

+
1i + djZ

+
0i − Z−

ji

)

and j = t, z , x , y .
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Example
Comoving particles in de Sitter spacetime

The global parametrization of de Sitter spacetime is

Z0 = a sinh
t

a
,

Z1 = a cosh
t

a
sinχ cos θ ,

Z2 = a cosh
t

a
sinχ sin θ cos φ ,

Z3 = a cosh
t

a
sinχ sin θ sinφ ,

Z4 = a cosh
t

a
cos χ .

Apply previous equations to comoving particles in this parametrization, i.e.

χ+ = const. , θ+ = const. , φ+ = const. .

These worldlines are timelike geodesics.
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Example
Location of the impulse

Impulse (U = 0) in the de Sitter background corresponds to Z4 = a,

Z1
2 + Z2

2 + Z3
2 = Z0

2 , or cosh
t

a
cos χ = 1 .

Location of cosmic string is given by the condition Z+
23 = 0, i.e.

Z+
23 =

Z+
2

cos φ+
=

Z+
3

sinφ+
= a cosh

t+

a
sinχ+ sin θ+ = 0 .

Figure: Cosmic string and the impulse in de Sitter space.
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Example
Effect of the impulse on comoving particles in de Sitter space

Figure: 5-dimensional velocity vectors of the initially comoving particles behind
the impulse (on the left). Velocity vectors of the same particles behind the
impulse, with substracted comoving part in front of the impulse (on the right).
De Sitter space is scaled on the unit sphere.
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Conclusions

complete description of the influence of expanding spherical impulsive
gravitational waves on free test particles in spacetimes of constant
curvature

generalization of previous results for Minkowski to any cosmological
constant Λ (de Sitter, anti-de Sitter universe)

derivation of general refraction formulae describing shift of positions
and change of velocity vectors of these particles

investigation and visualization of the effect of the impulsive wave
generated by a snapping cosmic string

For more detail see:
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Penrose R.: The geometry of impulsive gravitational waves, General
Relativity, ed. L. O’Raifeartaigh, Clarendon Press, Oxford (1972)
101-115.

Hogan P. A.: A spherical gravitational wave in de Sitter universe,
Phys. Lett. A 171 (1992) 21-22.

Hogan P. A.: A spherical ismpulsive gravity wave, Phys. Rev. Lett. 70

(1993) 117-118.

Hogan P. A.: Lorentz group and spherical impulsive gravity wave,
Phys. Rev. D 49 (1994) 6521-6525.
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