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Loop Quantum Cosmology ac)

LQC is based on

: Conical Quantization of GR
» Canonical variables : Ashtekar connection (A=l +YK)

. [ : Spin connection
Triad K : E?(’rrinsic curvature

Y : Immirzi parameter
LQC is based on symmetry reduction
ex) flat FRW 5pace+ime ds® = —dt* + a(t) (dz* + dy® + d2?)

* Triad : B = pVO_(Q/S)\/aé?. | ’p’ o8 V02/3a2
* Ashtekar connection : A' = cVO_(l/S)azZ E— Vol/?’sgn(p)ya

a

+ Poisson bracket : {c,p} = 81G~/3
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Hamiltonian constraint

In flat FRW model
(gravitational part+cosmological constant)

1 1 o
G / d’z &l P [ORE 2\/ det E¢|A
i 16mG~2 /., ( \/|det B e Y 2

To quantise the Hamiltonian,
we rewrite the Hamiltonian in terms of holonomy and flux

holonomy hEA) LR A rida® _

, A is
flux &[S, f] = / d?on.EY f*
S

ijk

1 4sgn(p) ijk ST B (\) ol (A) (N\) —1 5
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Quantisation

An orthonormal basis {/u>} for kinematical
Hilbert space is given by a set of eigenstate of P

g 877y l
plu) = ; S

The states |u> are also eigenstates of volume operator

/\

Vg = |pl3/2|u) = V|

Quantum Hamiltonian constraint @rav\‘lf} =0

~ 1 96 (sgn(p)) 1 )\c Acl ke i A Ac .
o 1677'[%)1”}/2 ( 87T711231 E sin ECOSQ > Slﬂ;VCOS; — Cos—Vsmg + 27y AV

8th Sep 2010 ERE2010 (@Granada) =



Hamiltonian constraint

' Cgrav‘\lj> =0
~ 1 96i (sgn(p)) 1 . 2%\ X@ 2 )\ ere B N s
Ot 167Tl1%1”y2 ( 8”711231 33 sin 70032? Sm?Vcosg — COSEVSIHE 2v° AV

beeseenees (Quantum ambiguities - A is constant or non-constant

< .
To-do * operator orderings

—

- N\ is constant or non-constant

— We analyse the behaviour of
the wave function in

4 OPGI"CI"'OI" orderings cf.) Nelson, Sakellariadou (2007)
— We analyse whether or not T .
the initial singularity is avoided

cf.) Bojowald (2001)
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Equl—area discretisation

Ashtekar, Bojowald, Lewandoeski (2003)

basic operator : €/40¢/2|u) = | + p1o)
Corav|¥) = 0
4 1 967 (sen(p)) ~ 2
C ray = FEE 9 AV
4 167l2,v2 ( 2, 13 R
(F sm2:“(230(;032:“(2307 EFE = SlH%VCOS%—COS%VSIH%)

We expand states |[> in eigenstates |u>
¥ (p) = (¥|u) and obtain the

’Vu+5uo s Vu+3uo‘ W+ 4po) — (2 ’V/H—,UO e Vu—uo'

167~312
e 73 1#0 AV, )\Ij(,“) 1 ‘VH—3M0 e VM—5M0‘ \I’(M i 4,“0) =0
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Equl-volume discretisation

Ashtekar, Pawlowski, Singh (2006)

- /“ibasic operator : € “6/2‘,u> =

3 exp(iuc/2)|v) = v+
. v = Ksgn(u)|p|*?
g;w i _1 06 (sen(p ))ﬁTEE S 2\ <K_3F>
e 1671277 8myl%, ,&” S

We expand states |Q> in eigenstates |v>
U(v) = (¥|v) and obtain the

v +4|||v + 3| =0 - bR e
1287 5 Ip
81 ' K?
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The behaviour of the wave fuction
in the large volume limit
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Large volume limit

discretisation

‘VM+5M0 o V,LL-|—3,LL0’ \Ij(:u 7 4/10) T (2 ‘V,u-l—,uo R V/«L_NO‘

167w?’l1—%
3

> WDW equatior
. e 2 372
(continuum limit) dd—lﬂ(\/ﬁqj(“)) I WvglPIMS/ZA‘P(M) A

3
14
: OAVM) (p) + ’Vu—Suo e Vu—5uo’ W(pu—4po) =0

AL 1

the general solution : W(u) =2 [ClAi (—afu) b OB (—af,u)}

This is also the case in the equi-volume discretisation

To see the of the wave function,

we solve the difference equation
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discretisation

| ﬁ?éﬁj%‘ﬁT%‘fﬁffﬁﬁﬁﬁﬁﬁﬁﬁf%ﬁﬁ
& ! ] | M &

Le |
-]
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Equi-volume discretisation

9400 9500 9600 a700 9800 2900 10000
v

50 100 150 200 250 300 350 400
\'4

O=v=400 9400=v=10000

The large volume limit problem is resolved!
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Absence of
the initial singularity
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Absence of the initial singularity
Bojowald (2001)

In LQC,
the 1S

— the physical quantities is bounded from above

We ONLY ask if the wave function can be
uniquely extended beyond the classical singularity
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Operator orderings

Type (a) C&l - 167Tl112ﬂ2 (96;(7ii1;1123(f?))ﬁ;ﬁ+2v2m7>
Type (b). &0, = 1677[1%172 (96;(;3?59)) ; ﬁE/E-I-QWQA‘A/)
Type (C) ég(iwa ¥ 167T5112ﬂ2 (96;(;3;11%(?))@;ﬁ | nyZA‘/})
Type (d) Ceiar = 16#11125172 (QGEii?éf))@ﬁg 4 27%7)

e sin2&cos2&, EE = sin (&) Vcos ('u—c) — COS <&> Vsin <&>
2 % 2 2 % 2
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Difference equations

v +4|||lv+ 3| —|v+5||Pwv+4) — {20v]||lv—1| —|v+ 1]
Type (a) e

2! PIA!”UI Qe v — Al Bl v Sl 4] =

KR1 ]
Type (b) ol ||v + 5] —| v+ 3|| ®(v + 4) — {2]v]|Jv + 1| —| v — 1|
€ 1287, 12
YP 817T 3[(13;/\‘?)‘} ®(v)+ |v|||lv — 3| =|v—=5||P(v—-4)=0

vl ljo + 1] =] v —1[| @(v +4) — 2vfljv+ 1| —|v - 1]
Type (c) 1287 5 If

gl P1A|v|} P [ioSEe 1| (v 4) =0

81
o 4] fJo+1] = v = 1| B+ 4) — 2ol [[o+1] | v - 1]
Type (d) Logmeisle
T KQAM} D)+ |lv—4||lv+1|—|v-1]|P(v—-4)=0

We discuss the absence of the initial singularity
in The equi-volume discretisation
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Type (a)

v+4||lv+ 3| —|v+5||P(v+4)—{2|v||lv-1]| —| v+ 1]

128 [2
~ A3 PIA!UI} ®(v) +|lv—4||lv -5 =|v—-3||®(v—-4)=0

31 K2
v=4  169(8) — (16 — 4A)P(4) + 0 x (0) =0
8P (4) — 0 x ®(0) + 8P(—4) =0
v=-4 0x®0)— (16— 4A)P(—4) + 16®(—8) = 0

We can solve the difference equation through
the singularity and determine all YP(v)

In this sense

8th Sep 2010 ERE2010 (@Granada) 17




Type (b)

vl [|v+ 5] —| v3|| Plu + 4) GRS v ]

128 I4
817T S;QA‘M} ()+|U|||U—3|—‘U—5H(I)(U_4):O

v=4  8D(8) — (16 —4A)®(4) +0 x (0) =0
v=0  0x®(4)—0x®0)+0xP(—4) =0

v=-4 TO0X O NG 4A)<I>( )+8<I>( ]) =0

In this case
the initial singularity can be avoided
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Absence of the initial singularity

Operator orderings

Absence or
not?

- 24i B 4
Type (a) O, =225 1 75 5 2y

8myl% [

Type (b) C®

grav

87T*yl%D 3

Type () C, =

24 il A ;
i{sgnip)) 1 oem o 22V A

24i(sgn(p)) — 1 ~ ot
5 l?lgijgzpj-F'Q’y ‘/[\
8rylp [

Type (d) €4, = ZICBUP)ERE L 4 22VA

grav

87wl%
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Summary

- We discuss the of

the flat FRW universe with the cosmological constant
in loop quantum cosmology

- The choice of the discretisation is crucial

when we consider the large volume limit

—1In discretisation there arises the large volume problem
In equi-volume discretisation this problem is resolved

* Absence of the initial singularity strongly
the operator orderings of quantum Hamiltonian operator

—The requirement for the absence singles out a very small class of orderings

Thank you for your attention!
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Matter Hamiltonian

e

Hmatter‘v s O> =)

ex) Massless scalar field

2 2
H P ol G
matter — |p|3/2 e CL3

e

1

Inverse triad operator 373

(M. Bojowld; “"Loop quantum cosmology”; Living Rev.Rel.8:11,2005)
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Hamiltonian constraint

Hamiltonian (gravitational part)

1 : (3)
H,. ... = dPxNVhK, , K*® — K°+ R
E 167 /u 4 f[ : S

rewritten by Ashtekar variables
in flat FRW spacetime

1 N A o |
H, .o = a3 o FL EYE _9(1 + 42K K2 ECE?
- 167TG/V x\/!detE?\[Ejk o T R
1 N S e
=2 >z A ol gl
167G~? /,, \/] det E¢| IR gab
(+ )

1 _N iy
HEO /d% e B i PR 4 9 2\/ det E¢|A
grav 167TG"}/2 5 (\/ T E;L’ Jk+L ab 3 ‘ 7 ‘
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Loop quantization

We consider quantization of Hamiltonian constraint

N

1
Hgray = de €ij
¥ 167Gy? /V \/ | det E¢| v

FlEY B

In LQC (LQG)
We rewrite Hamiltonian constraint
in the following form

(we need to use holonomy to
obtain well-defined operator)

o e mhe 2501 e R
Cirk T i = (Zj)ﬁabch(hi{(hi) 1>V})
/| det E vV
: . by ] s
nFYy = lim (— )wgw‘g

Area—0 V. 3
0
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Quantum Hamiltonian operator

Thus, we have quantum Hamiltonian operator

| .
H oot = 167TG”Y /dga:CgraV, where
sy = ooz S Dlhshy () ()l () V)

ijk = ) (= EE/\/detE)
Quantization

\/

5 o 246(5gnp) o e ST pe pc pe
T 370 sin” (juc) {sm (?) Vcos( : ) cos( : ) Vsm( 5 )}

STy 4> LD
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